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Abstract. In this paper we will give the calculus, the criterion, and the 
existence of the arithmetic Galois covers of higher relative dimensions. 
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Introduction 

Let L be an extension of a field K (not necessarily algebraic). We can define 
the Galois extension for L/K in a manner similar to algebraic extensions of fields, 
i.e., L is Galois over K if K is the invariant subfield of the Galois group Gal(L/K). 
However, the situation of a transcendental extension L/K is more complicated. The 
Galois group Gal(L/K) is always an infinite group; many approaches established 
upon finite dimensions will not be valid in general (see [5]). 

In fact, there exist several types of (general) Galois extensions of fields, from 
the weakest one to the strongest one, such as: Galois; tame Galois; strong Galois; 
absolute Galois (see §1 for definitions). These general Galois extensions coincide 
with each other for algebraic extensions but in general are distinct from each other 
for transcendental ones (for instance, see Remark 1.3; for counterexamples, see [5]). 

Given two arithmetic varieties X/Y, i.e., two integral schemes surjectively over 
SpecL of finite dimensions. The geometry of the arithmetic varieties X/Y encodes 
and determines a good quantity of information of the function fields k(X)/k(Y). 
In deed, there exists a nice relationship between the geometry of the arithmetic 
varieties and the arithmetic of the function fields. If dim X = diml", in particular, 
k(X) is a finite extension of k(Y), there are many well-known results on the topic 
or related (for instance, see [9| H~5l [16] ) . 

Now consider a general case that dim X ^ dim Y, i.e., the function field k(X) is a 
transcendental extension of k(Y). Then the situation will be changed considerably 
without mentioning the transcendental Galois extensions of the function fields. This 
leads us discuss the properties between arithmetic Galois covers of higher relative 
dimensions and Galois groups of the function fields. 
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In fact, the arithmetic Galois covers of higher relative dimensions are encountered 
by us in the discussions on arithmetic function fields enlightened to some extent by 
Lang's unramified class field theory of function fields in several variables (see |12|). 

We say that the arithmetic varieties X/Y are a geometric model of the fields 
L/K if for the function fields we have k(X) = L and k(Y) = K. In such a case, 
the arithmetic varieties X/Y will give us a geometric vivid imagination of the 
arithmetic function fields L/K, in particular, the automorphism group Aut(X/Y) 
will be naturally isomorphic to the Galois group Gal(L/K) of the fields; conversely, 
as fields are more accessible, we can change the fields L/K to control the arithmetic 
varieties X/Y in a birational geometry. 

Hence, first of all, there are several problems needing to be dealt with: 

• Let X and Y be two arithmetic varieties such that dimX ^ dimY". When 
does Aut(X/Y) Gal(k(X)/k(Y)) hold naturally as groups? 

• Let X be an arithmetic variety. Given any extension L of the function field 
K = k(X). Does there exist any arithmetic variety Xl such that Xl/X 
are a geometric model of the fields L/K? How to construct Xl when the 
field L varies like a function? 

• Or return to the theory of class fields. Let X be an arithmetic variety. How 
to use the geometric data of X to describe the class fields over the function 
field K = k(X) (in several variables)? 

In this paper we will have several discusses on the topics above. For any two 
arithmetic varieties X/Y such that dimX ^ dim!", we will introduce the local 
completeness [Definition 2.2) to give a criterion for the identity that Aut{X/Y) = 
Gal(k(X) / k(Y)) holds naturally (Theorem 2.3). For the case of normal schemes, 
the condition of local completeness is automatically satisfied. 

Given an arbitrary extension L of the function field k(X). We will construct an 
arithmetic variety Xl = X[/S.L/k(x)\ such that k(XL) = L and that Xl is affine 
and surjective over the arithmetic variety X; moreover, if L is Galois over k(X), 
Xl is correspondingly Galois over X in the field L (Theorem 2.6). Here, A-l/MX) 
denotes a set of generators of L over k(X). When X and L vary, we have the 
calculus of arithmetic Galois covers X[/S. L /k{x)\ over X in L (see §2.5). 

As an application, by these results above we can give a computation of the 
etale fundamental group of an arithmetic scheme. For an arithmetic variety X, 
there is a natural isomorphism 7rf*(Jf) = Gal(k(X) au / k(X)) between groups, that 
is, the etale fundamental group irf(X) of X is isomorphic to the Galois group 
Gal(k(X) au /k(X)) of the maximal arithmetically unramified extension k(X) au of 
the function field k(X) in a natural manner (see [3J. Here, the arithmetically 
unramified, defined as one has done in algebraic number theory (for instance, see 
[13]). coincides with that in algebraic number theory (see [6]). 

Hence, the etale fundamental group 7rf'(X) of an arithmetic variety X encodes 
all unramified extensions of the function field k(X) (in several variables). 

1. Review of Transcendental Galois Extensions 

Let L be an extension of a field K (not necessarily algebraic). In this section we 
will review several types of Galois extensions of fields: Galois; tame Galois; strong 
Galois; absolute Galois (see [5]). Those Galois extensions of fields, passing from the 
weakest one to the strongest one, coincide with each other for algebraic extensions 
but are different from each other for transcendental extensions in general. 
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1.1. Recalling several types of transcendental Galois extensions of fields. 

As usual, the Galois group of L over if, namely Gal(L/K), is the group of all 
automorphisms a of L such that <r(x) = x holds for any x £ if. Denote by 
tr.degL/K the transcendental degree of L over if. 

By a nice basis (A, A) of L over if, we understand that A is a transcendental 
basis of L over if and A is a linearly basis of L over if (A) such that L = if (A) [A] 
is algebraic over if (A). 

Furthermore, such a nice basis (A, A) is a linearly disjoint basis of L over if 
if the fields if (A) and if (A) are linearly disjoint over if. Put 

• £[X/if] = the set of nice bases of L over if; 

• T,[L/ K]id = the set of linearly disjoint basis of L over if. 

From Definition 1.1 below it is seen that a transcendental Galois extension is 
more complicated than an algebraic one. 

Definition 1.1. ([5]) There exist several types of Galois extensions of fields such 
as the following. 

• L is said to be Galois over if if if is the invariant subfield of Gal(L/K), 
i.e., if if = {x £ L : cr(x) = x for any a £ Gal(L/K)}. 

• L is said to be tame Galois over if if there is some (A, A) £ H[L/K] such 
that L is Galois over the subfield if (A). 

• L is said to be strong Galois over if if the two conditions are satisfied: 

— Ti[L/K]id is a nonempty set; 

— L is an algebraic Galois extension of if (A) for any (A, A) £ H[L/K}id- 

• L is said to be absolute Galois over if if L is Galois over any subfield F 
such that if C F C L. 

Remark 1.2. ([5 ) For the Galois extensions, we have 

absolute Galois 
=>■ Galois; 

absolute Galois (with linear disjoint bases) 
==>• strong Galois 
=>- tame Galois 
Galois. 

Remark 1.3. ([5]) There is a comparison between algebraic Galois extensions and 
transcendental Galois extensions. In a manner similar to conjugate and normal in 
algebraic extensions of fields, we have notions of conjugations and quasi-galois for 
transcendental extensions of fields. For algebraic extensions, we have 

Galois = a unique conjugation + separably generated. 

Likewise, for transcendental extensions of fields, we have 

strong Galois — a unique strong conjugation + separably generated; 

absolute Galois — a unique absolute conjugation + separably generated. 
However, 

tame Galois ^ a unique conjugation + separably generated. 
See [5] for examples and counterexamples of the transcendental Galois extensions. 
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2. Galois Covers of Higher Relative Dimensions 

In this section we will discuss the calculus, the criterion, and the existence of the 
arithmetic Galois covers of higher relative dimensions. 

2.1. Conventions. For brevity, by an arithmetic variety we will understand a 
finite-dimensional integral scheme that is surjectively over Z (not necessarily of 
finite type). 

For an arithmetic variety Z , let k(Z) = Ox,£, i-e-, the function field of Z, where 
£ is the generic point of Z . 

2.2. Definitions for Galois covers of higher relative dimensions. Let X and 

Y be arithmetic varieties and let / : X — > Y be a surjective morphism. Note that 
here the relative dimension dim X — dim Y can be permitted to be positive. Suppose 
that Aut (X/Y) is the group of automorphisms of X over Y by /. 

We have several types of higher relative dimensional Galois covers over arithmetic 
varieties. 

Definition 2.1. The arithmetic variety X is Galois (or tame Galois, strong 
Galois, absolute Galois, respectively) over Y by / if the two conditions are 
satisfied: 

• Aut(X/Y) = Gal(k(X) / k(Y)) are canonically isomorphic groups; 

• k(X) is naturally Galois (or tame Galois, strong Galois, absolute Galois, 
respectively) over k(Y). 

Definition 2.2. The arithmetic variety X is locally complete over Y by / if there 
is an afiine open set W C / _1 (1^) and an isomorphism p : Ox(U) — > Ox(W) of 
algebras over Oy(V) such that p is naturally induced from p for each automorphism 
p G Gal(k(X)/fHk(Y))) and each affine open sets V C Y and U C f~ l (V). 

2.3. Criterion for Galois covers of higher relative dimensions. Here there 
is a criterion for an arithmetic Galois cover of a higher relative dimension. 

Theorem 2.3. Let X and Y be two arithmetic varieties such that dimX ^ dim y. 
Suppose that there is a surjective morphism (f> : X — ^ Y such that 

• X is locally complete over Y ; 

• k(X) is Galois (or tame Galois, strong Galois, absolute Galois, respec- 
tively) over k(Y) by f . 

Then X is Galois (or tame Galois, strong Galois, absolute Galois, respectively) 
over Y . 

We will prove Theorem 2.3 in §3. 

Remark 2.4. The conclusion of Theorem 2.3 can be regarded as a generalization 
of several well-known related results in [9j[T5l[T6] for the case that Aut(X/Y) arc 
finite groups; at the same time, it is a generalization of the main result in [4] for 
the case that dimX — dimF and Aut(X/Y) is an infinite group. 

2.4. Existence for Galois covers of higher relative dimensions. Let X be an 

arithmetic variety and let L be an extension of the function field k(X). Note that 
here L has a nonnegative transcendental degree over k(X), i.e., tr.degL/K ^ 0. 
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Definition 2.5. Suppose that L is Galois ( or tame Galois, strong Galois, absolute 
Galois, respectively,) over k(X). An arithmetic variety Xl is said to be a Galois 
(or tame Galois, strong Galois, absolute Galois, respectively) cover of Y in 
a field L if there is a surjective morphism <f>L : Xl — > X satisfying the following 
conditions: 

. k(X L ) = L; 

• <pi, is afhnc; 

• Xi is Galois (or tame Galois, strong Galois, absolute Galois, respectively) 
over X by <f> L ; 

• For any afHne open set V C X, the ring Ox(V) is isomorphic to the 
invariant subring of Ox L (4>i (V)) under the natural action of the group 
Aut{X L /X). 

We have the following existence of an arithmetic Galois cover with a higher 
relative dimension for any prescribed Galois extension of the function field. 

Theorem 2.6. Let X be an arithmetic variety and let L be a Galois [or tame 
Galois, strong Galois, absolute Galois, respectively) extension of the function field 
k(X) such that tr.degL/K ^ 0. 

Then there is an arithmetic variety Xi and a morphism (f>i : Xi —> X such that 
Xi is Galois (or tame Galois, strong Galois, absolute Galois, respectively) over X 
in the field L. 

We will prove Theorem 2.6 in §4. Noticed that for a fixed field L, in general, 
X can have many Galois covers Xl in L which are not isomorphic with each other 
(see Remarks 2.-10 below). 

Remark 2.7. The conclusion of Theorem 2.6 is a generalization of the main result 
in [2]. Such a result is one of the key points for us to give a computation of the 
etale fundamental group of an integral scheme (see [3]). 

2.5. Calculus for Galois covers of higher relative dimensions. Now consider 
the calculus of Galois covers of arithmetic varieties. 

Definition 2.8. (c.f. j3]) Let Y be an arithmetic variety. Suppose that L is a 
Galois (or tame Galois, strong Galois, absolute Galois, respectively) extension of 
the function field k(Y). We have the following calculus of arithmetic Galois 
covers 

• Y[A] = a Galois (or tame Galois, strong Galois, absolute Galois, respec- 
tively) cover X of Y in L, obtained by adding a set A C L \ k(Y) of 
generators of L over k(Y) to an essentially affine realization of Y in the 
construction of Galois covers in §4.3 below. 

Remark 2.9. (c.f. [3\) Fixed an arithmetic variety Y and a Galois (or tame Galois, 
strong Galois, absolute Galois, respectively) extension L of k(Y). Let E^L/Y] be 
the family of sets A C L\k(Y) of generators of L over k(Y). There are the following 
statements. 

• Different sets A G E^L/Y] can produce different Galois (or tame Galois, 
strong Galois, absolute Galois, respectively) covers Y[A] of Y in L. In 
general, it is not true that Y[A] and Y[A'] are isomorphic over Y for two 
different A, A' € T$[L/Y], 
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• There is a biggest Galois (or tame Galois, strong Galois, absolute Galois, 
respectively) cover K[A OT j n ] of Y in L, which contains all possible points 
that can be added to the underlying space. 

• There is a smallest Galois (or tame Galois, strong Galois, absolute Galois, 
respectively) cover Y[A max ] of Y in L such that the underlying space is the 
smallest and can be regarded as that of the scheme Y. 

Remark 2.10. (c.f. [3]) Let Y be an arithmetic variety and let L be a Galois (or 
tame Galois, strong Galois, absolute Galois, respectively) extension of k(Y). Then 

Y[A U A -1 ] ~7[A'UA H ] 

are isomorphic schemes over Y for any A, A' € Y^\L/Y\. In particular, each 
Y[A U A -1 ] is a smallest Galois (or tame Galois, strong Galois, absolute Galois, 
respectively) cover of Y in L. Here, A -1 = {a; -1 £i:i£ A}. 

3. Proof of Theorem 2.3 

In this section we will have a new sufficient condition for geometric models of 
fields (see Lemma 3.1) (c.f. JU [4j [5] ) . Note that here the approach is not essentially 
new. Then from the lemma a proof of Theorem 2.3 will be obtained immediately. 

3.1. A preparatory lemma. Let X be an arithmetic variety with generic point 
£. Recall that for each open set U in X, there is a natural inclusion 

i x : O x (U) = O xa 

between rings. We have 

k{X) = {i x (x) G k(X) : x G O x (U), U is open in X}. 

At the same time, k(X) will be taken as the rational field 

{[17, /] : / G O x (U), U is open in X} 

where [17,/] denotes the germ of (17,/) (see [HJ [TUl Hi] for detail). 

Now let's give a sufficient condition that for two arithmetic varieties X/Y, 
the automorphism group Aut(X/Y) is naturally isomorphic to the Galois group 
Gal(k{X)/k{Y)) of the function field k(X) over k(Y). 

Lemma 3.1. Let X and Y be arithmetic varieties with dimY" ^ dim X. Suppose 
that X is locally complete over Y by a surjective morphism <fi : X — > Y . Then there 
is a natural isomorphism 

Aut (X/Y) £ Gal (k (X) /k (Y)) 

between groups. 

Proof. (The approach here is based on a trick originally in [1 and a refinement in 
OH].) In the following we will proceed in several steps to prove that there is a 
group isomorphism 

t : Aut (X/Y) — > Gal (k (X) /k (Y)) = Gal (k (X) (k (Y))) 

by 

a = (a, ct J ) i — > t(cr) = (a, cr^ 1 ) 
where (a, a' -1 ) is the map of k(X) into k(X) given by 

[U, /] G k (X) —> [a (U) , a"" 1 (/)] G k (X) 
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for any open set U in X and any element / G Ox(U). 

Here the function field k(X) is taken canonically as the set of equivalence classes 
[U, f] of elements of the form (U, f) such that U is an open set in X and / is 
contained in Ox (U). 

Step 1. Construct a map 

t : Aut (X/Y) — > Gal (k (X) /^(k (Y))) . 
In fact, fixed any automorphism 

u= (a, J) eAut k (X/Y). 

That is to say, 

a : X — > X 

is a homeomorphism; 

cr" :O x -> cr*Ov 
is an isomorphism of sheaves of rings on X . 
As dimX < oo, we have cr(£) = £. Then 

ct 8 : k (X) = Ox,a -)• cr*Ov,c = fc (X) 

is an automorphism of k(X). 

Denote by <t" _1 the inverse of the ring isomorphism 

a' : k(X) -> 

Take any open subset U of X . We have the restriction 

a = (<7,<7») : (tf.Oxltr) — > OjrU(io) 
of open subschemes. That is, 

a(U) P*Ox\u 

is an isomorphism of sheaves on cr(U). In particular, 

J : OxH*7)) = 0x| CT(c/) (a(*7)) ->• Ox(E0 - a*O x \uWU)) 

is an isomorphism of rings. 

For every / G Ox\u(U), we have 

/e^OxIc/K^)); 

hence 

Now define a set mapping 

* : Aui fc (X/F) — ► GaZ (fc (X) /<fl(k (V))) 

given by 

a= (tr,^) i — ► t(<r) = (cr,^ 1 ) 

such that 

is a mapping of into k(X). 
Step 2. Prove that 

t : Aut (X/F) — ► GaZ (jfe (X) /^(k (Y))) 

is a group homomorphism. 
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In deed, given any 

(T = (cr,CT B ) 6 Aut(-xyy). 
For any [[/, /], [V, g) 6 we have 

[U,f] + [V,g} = [UnV,f + g] 



and 

then we have 



[UJ]-[V,g] = [UnVJ-g]; 

(a, a^) ([UJ] + [V,g]) 

= (a,a^)([UnVJ + g}) 

= [<j(UnV),at- 1 (f + g)] 

= [a(U n V), a^if)] + [a(U H V),o*- x {g)\ 

= [a(U),a^(f)] + [a(V),a^(g)] 

= (a,a«- 1 )([C/,/]) + (<7 ) <7»- 1 )([^ ff ]) 



and 



(a,^- 1 ) ([[/,/] .[V,g]) 

= (^H)([[/n7,/. s ]) 

= [a(c/ n n^-H/)] • n V), at-^g)} 

= [<T(U),*t-Hf)}-[a(V),*t- 1 (g)] 
= (a,a$-i)([U,f])-(a,*t-i)([V,g]). 

It follows that (a, a^ 1 ) is an automorphism of k (X) . 

It needs to prove that (a, cr" -1 ) is an isomorphism over $(k(Y)). Consider the 
given morphism 

<j> =(<(>, <j>t):(X,Ox)^(Y,G Y ) 
of schemes. It follows that <fi(£) is the generic point of Y and £ is invariant under 
any automorphism a S Aut (X/Y). Then cr* : Ox. 5 - ^ is an isomorphism of 

algebras over $ (O y m£)) — $(k(Y)). Hence, 

((7, (T* -1 ) |^«(fc(y)) = idft(k(Y))- 

This proves 

(a, a*- 1 ) £ Gal (k (X) /4>*(k (Y))). 
So, as a map of sets, t is well-defined. 

Prove that t is a homomorphism between groups. In fact, take any 

cr = (cr, tr") , * = (5") e Aut (X/Y) . 

By preliminary facts on schemes (see [SHHHHI]) we have 

then 

(5, 5*- 1 ) o (a, a*- 1 ) = (So a, S^o a*- 1 ). 

Hence, the map 

* : Aut (X/Y) ->• Gal (k (X) /<j} (k (Y))) 

is a homomorphism of groups. 
Step 3. Prove that 

t : Aut (X/Y) — ► GaZ (jfc (X) /^(/c (Y))) 

is an injective homomorphism. 
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In deed, assume tr, a' G Aut (X/Y) such that t (a) = t (a 1 ) . We have 

[a(U),at- l (f)} = [v , (U),a'*- 1 (f)} 
for any [U, f] G k (X) . In particular, we have 

(a(Uo),^- 1 (f)) = (a'(U a ),a'^(f)) 

for any / G Ox(Uq) and any affine open subset Uq of X such that a (Uq) and 
a' (Uq) are both contained in a (U) n cr' ([/). 

By preliminary facts on affine schemes (see [SI [TD1 [XT]) again, it is seen that 

O~\u = O-Vo 

holds as isomorphisms of schemes. Let Uq run through all affine open sets of X, we 
have 

= 0' 

on the whole of X. 

Hence, t is an injection. 
Step 4. Prove that 

t : Aut (X/Y) — > Gal (k (X) /^(k (Y))) 

is a surjective homomorphism. 

In fact, fixed any element p of the group Gal (k (X) /(jr (k (Y))). 
As 

k(X) = {[U f ,f] : f E O x (U f ) and U f C X is open}, 

we have 

p : [U f , f] € k (X) —> [C/ p(/) , p (/)] 6 fc (X) 

according to Proposition 1.44 of [H], where [7/ and £7 p (/) are open sets in X, f is 
contained in Ox(Uf), and is contained in Ox(U p (j)). 

We will proceed in several sub-steps to prove that for each element 

p G Gal (k{X)/$ (k(Y))) 

there is a unique element 

A e Aut(X/Y) 

such that 

t(X) = p. 

Substep 4-a. Fixed any affine open set V of Y. Show that for each affine open 
set U C ^(V) there is an affine open set U p in X such that p determines an 
isomorphism between affine schemes (U, Ox\u) and (U p , Ox\u p )- 

In fact, take any affine open sets V C F and [/ C We have 

A 4 O x (U) = {(U f , f) : [U f , /] G fe (X) , [/) D 

Put 

B = { (C/ p(/) , p (/)) : [C/ p(/) , p (/)] G * (X) , (U f , /) G A}. 
Then there exists an affine open set W C </> -1 (l/) such that 

S = O x (IF) 

from the assumption that X is locally complete over Y. Write U p = W. 
Therefore, by p we have a unique isomorphism 

Xu = (Xu,xV) ■ (U,O x \u) -> (C^.Oxk) 
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of the affine open subschcmc in X such that 

p\o x (u) = A^ 1 : O x (U) -> O x (U p ). 
Substep 4-b. Take any afhne open sets V C Y and U, U' C </> _1 (y). Show that 

A[/|c/n(7' = Ay |j/n£/' 

holds as morphisms of schemes. 

In fact, by the above construction in Substep ^-a, for each X(j it is seen that A^ 
and coincide restricted to the intersection U DU' as homomorphisms of rings 
since we have 

p\o x (unu') = ^ufunw ■ O x (UDU') -> O x ((U D U') p ); 

P\a x (unu>) = Xu'fcnw : °x(P n O x ((UnU') p ). 
On the other hand, for any point x £ U D U', we must have 

Xu(x) = Xu'(x). 

Otherwise, if Xu(x) ^ Xu'{x), will have an affine open subset Xq of X that 
contains either of the points Xu (x) and Ay (x) but does not contain the other 
since the underlying space of X is a Kolmogorov space (see [8j [101 HI])- Assume 
Xu(x) £ X and Aj//(x) X . We choose an affine open subset Uo of X such that 
x £ Uq C J7 n E/ 7 and Aj/(J7o) C X since we have 

Ac/(f/nc/') - (c/nc/') p c t/ p ; 
A^([/nc/') = (unu') p c c/;. 

However, for each Ay, we have 

Xu(U ) = (U ) p = Xu,(U ); 

then 

A^(x) 6 (C/ )p CI , 

where there will be a contradiction. Hence, Xjj and Xw coincide on U PI U' as 
mappings of topological spaces. 

Substep 4-c. By gluing the Xjj along all such affine open subsets U, we have a 
homeomorphism A of X onto X as a topological space given by 

A : x £ X i-> Aa(x) e X 

where x belongs to U and J7 is an affine open subset of X . That is, X\u = Ay. 

By Substep 4~b it is seen that A is well-defined. Then we have an automorphism, 
namely A, of the scheme {X,O x ) (see [51 HP] ITT]). 

Substep 4-d. Show that A is contained in Aut (X/Y) satisfying 

t(X) = p. 

In deed, as p is an isomorphism of k(X) over $ (k(Y)), the isomorphism X[j is 
over Y by <fi for any affine open subset U of X; then A is an automorphism of X 
over Y by <f> such that t (A) = p holds. 

This proves that for each p £ Gal (k (X) (k (Y))) , there exists A £ Aut {X/Y) 
such that 

t(X) = p. 

Hence, t is surjective. 
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By Steps 1-4 above, it is seen that 

t : Aut (X/Y) — ► Gal (k (X) /<ffi(k (Y))) 

is an isomorphism between groups. This completes the proof. 

3.2. Proof of Theorem 2.3. Now we give the proof of Theorem 2.3. 

Proof. (Proof of Theorem 2.3.) It is immediately from Definition 
Lemma 3.1. 

4. Proof of Theorem 2.6 

Let X be an arithmetic variety and let L be any extension of the function field 
k(X). In this section we will give a universal construction for an arithmetic variety 
Xz, a general cover over X, such that L is equal the function field k{Xi,) (see 
Lemma 4-5). Then by the lemma we will obtain a proof of Theorem 2.6. 

4.1. Gluing schemes. Let X be an irreducible topological space and let {U a } ae r 
be a family of open sets in X such that X C lJaer^ Q - Suppose that for every U a , 
there is an integral domain A a and a homeomorphism <f> a of U a onto the underlying 
space of the affine scheme SpecA a . Denote by ([/jjJ'J the schemes induced from 
<f> a for each a G T. For every a, /3, 7 G T, put 

u a ^ = u a f]u p f]u 7 . 

Lemma 4.1. Suppose that for every a, j3 G r, there is an isomorphism 

<\>afi ■ {Uafii^a \u af3 ) — {Uafii^P \u af3 ) 

between schemes satisfying the cocycle condition: 

4>aa = id : (U a ,F a ) -> (Ua^a): 

for every a, (3, 7 6 T. 

Then there exists a sheaf J 7 on the space X and a family of scheme isomorphisms 
ip a : {U ai J- \u a ) — > {U a ,F a ) such that ip a p — ipp 4>a 1 f or an V € T; moreover, 
the scheme (X, J 7 ) is uniquely determined upon isomorphisms. 

In particular, let <f> a = idjj a for each a £ T. Then in addition, the sheaf J- can 
be such that T \u a = J~ a for any a G T. 

Proof. For the existence and the uniqueness of the sheaf J 7 , it is trivial from |H1 

□21Q31H3I. 

Now assume <p a = idu a for each a G T. Let J 7 be a sheaf on X determined under 
the cocycle condition such that 

ip a : (U a ,T c/J = (U a ,T a ) 

for every a G T. 

In the following prove that there is a sheaf T' on X determined under the cocycle 
condition such that in addition we have 

for any a G T. 



□ 

2.1 and 
□ 
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In fact, fixed any point x £ X. Put 

U x = the family of open sets inX that contains the points; 

Li x = the family of affine open sets in U a with a £ T that contains the point x. 
By set-inclusion, IA X and IA X are two directed sets. In particular, U x is cofinal in 
U x since {U a } ae r is an open covering of X. Then we have the direct limits 

T' x = lim FJU); 

T x = lim T(U) = lim T(U). 

ueu m u a DUeuz 

It is clear that the canonical maps J- a {U) — > F' x and J-" a (C/) — > T x are both injective. 
Hence, we can identify them with their images, respectively. 
Via {i^ a }aer, there is an induced isomorphism 

between the direct limits according to preliminary facts on direct limits of direct 
systems of rings. 

For every open set U in X, define 

i.e., J 7 ' (U) is the natural image of ^(U) by the map ij) x , where x is a point contained 
in U . It is independent of the choice of the point a;. 

Then T 1 is a sheaf on X satisfying the desired property. □ 

4.2. Essentially affine schemes. Here we give a type of schemes that behave 
almost like affine schemes. 

Definition 4.2. ([2 [3]) An arithmetic variety X is said to be essentially affine 

in a field il if every affine open set U of X satisfies the two properties: 

o x (u)cn-, 

U = Spec(O x (U)). 

Here we give such a fact that every arithmetic variety X is isomorphic to an 
arithmetic variety Z that is essentially affine in the field k(X). 

Lemma 4.3. ([U|3]) For any arithmetic variety X, there is an arithmetic variety 
Z satisfying the properties: 

• k(X) = k(Z): 

• X = Z are isomorphic schemes; 

• Z is essentially affine in the field k(Z). 

Such an arithmetic variety Z is called an essentially affine realization of X. 

Proof. Denote by {W^} Q gr the collection of all affine open sets in the scheme X 
and denote by 

i a ■ O x (W a ) -^A a = i a {O x {W a )) C k(X) 

the canonical embedding for every a G T. 
Let 

X=]]_W a 

aer 



ON THE ARITHMETIC GALOIS COVERS OF HIGHER RELATIVE DIMENSIONS 13 



and 

Z = ]Ju a 

aer 

be the disjoint union of sets, respectively. Here, U a denotes the underlying space 
of the affine scheme SpecA a for any a G T. 
For any points x a G W a ,xp G Wp, we say 

x a - x fj 

if and only if 

x a = xp 

are the same point in X. 

Likewise, for any points z a G U a ,zp G Up, we say 

Z a ~ Zfi 

if and only if 

p a {z a ) ~ Pp(zp) 

holds in X, where p a denotes the homeomorphism of U a onto W a that is induced 
from the homomorphism i a for any a G T. 
Then we have the quotient sets 

X = X/ ~; 

z = z/ ~ . 

It is seen that there is a bijection p : Z = X between sets since X = Z are bijective 
sets from all the p Q . 

Hence, by p, Z is a topological space homeomorphic to X. Here, for any subset 
U C Z, we say £/ is open in Z if and only if p(U) is an open set in X. 

Fixed any a, (3 G T. Define 

U a p±U a f)Up; 
(U a ,F a ) = (SpecA a , A a ). 

We prove 

Ta \u afi = Tp \u a0 ■ 
In deed, take any affine open subset 

contained in the set U a p. On the affine scheme (U a , T a ), we have 

■F~ a \u- la ^70 ^70 1 

on the affine scheme (Up,T[j), we have 

•7"/3 I U-, a — -^70 = ^70 • 

Then 

|(7 70 = T$ \u yo 

holds for any such U l0 . Hence, we must have 

Fa \u aP = Ffj \ UaP 

by taking an open covering 

U a = [J U l0 

la 
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since T a \u a * and J-p \u af3 are two sheaves on the same space U a p, respectively. 
Now apply Lemma 4-1 to this case here: 

(j) a = idu a ; 

4> a p = id : {U a p,T a \u a p) — {UaPiFp \u af3 )- 
The cocycle condition is automatically satisfied. 

Hence, there is a sheaf J- on Z such that J- \u a — holds for any a G T. We 
have a scheme (Z, J 7 ) satisfying the desired properties, where the isomorphism 

{Z,F) = {X,O x ) 

is induced from p just by considering the corresponding stalks at each point. □ 

4.3. Construction for a general cover. Let's consider such a preliminary fact. 
Let L be an extension of a field K and let A C L \ K be a subset. 

Remark 4.4. Put A L/K = {a (x) G L : x <E A, a £ Gal (L/K)}. Then we have 
S(A L / K ) = A L / K for each automorphism 5 G Gal(L/K). 

Now we give a universal construction of a general cover over an arithmetic variety 
such that the function field of the cover can be equal to any prescribed filed. 

Lemma 4.5. Let Y be an arithmetic variety. Take any extension L of the function 
field k(Y) (not necessarily algebraic). Then there is an arithmetic variety Xl and 
a morphism 4>l '■ Y such that 

• k(X L ) = L; 

• 4>l is affine and surjective; 

• Aut(X.L/Y) = Gal(L / k{Y)) are naturally isomorphic groups. 

Proof. (The approach here is based on a trick originally in [2 and a refinement in 

m 

From Lemma 4-3, suppose that Y is essentially affine in the function field k(Y) 
without loss of generality. 

Denote by {V^jcgr the collection of all affine open sets V a in the scheme Y. Let 
B a = O y (V a ) for each a G T. We have V a = SpecB a and B a C k(Y) C L. 

Suppose that 

A C L \ k(Y) 

is a set of generators of the field L over the function field k(Y). Set 

&L/k(x) = W (x) G L : x G A, a G Gal (L/k(Y))}. 
In the following we will proceed in several steps to construct an arithmetic variety 
X = Xl and a morphism <p = 4>l '■ Y. 
Step 1. For every a G T, define 

A a = B a [A L / fe ( y) ] , 

i.e., A a is a subring of L generated over B a by the set A^/^y)- 

We have Fr (A a ) = L. As A a is a subring of L, by Remark 4-7 it is seen that 

the restriction 6 \a u ' A a — > A a is an isomorphism for every 6 G Gal(L/k(Y)). 
Set 

to be the inclusion. 
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Step 2. Define the disjoint unions 

X= ]]_Spec(A a ); 

Y = ]]_Spec{B a ). 

Then X is a topological space, where the topology on X is naturally deter- 
mined by the Zariski topologies on all Spec (A a ) . 
Denote by 

TTi : X -> Y 

the natural map induced from the inclusions i a . It is seen that tti is a surjection 
just by considering the inclusion i a : B a —> A a for every a £ T (see ]8\ fTT] ) . 
Let 

7T : y -> y = y/ - 

be the projection, where for any points y Q G SpecB a ,y$ £ SpecBp, we say 
if and only if 

Va = yp 

holds in Y. 
Set 

^V = 7T O 7T! : X ^ y 

to be the projection. 

Step 3. For any points x a £ SpecA a ,X/3 £ SpecAp, we say 

Xa ~ Xft 

if and only if 

y a = ni(x a ) = yp = m(xp) £ V a p 
holds in Y, i.e., if and only if 

KY{x a ) = T^vixf}) £ V a p 

holdtQ as points in Y. Here, V a p = V a f] Vp. 
Let 

X = X/ ~ 

and let 

ttx - X ^ X 

be the projection. 

It is seen that X is a topological space as a quotient of X. 
Step 4. Define a map 

: x -> y 

by 

tta- (a;) 1 — > Try (af) 

for each x £ X. 

By 5iep 5 above it is seen that <f> is independent of the choice of a representative 
x and hence <f> is well-defined. 

■'"Note that here the equivalence of affine L-points, used in our earlier preprints, is automatically 
satisfied. 



16 



FENG- WEN AN 



It is clear that <f> is a surjection. For every a G T, put 

U a =ct>-\V a ). 

Then we have 

U a — SpecA a ; 

U a p±U a f)Up = (j>- 1 (V a p) 

for every a, (3 G T. 

Step 5. For every a G T, we define 

(E/a, J" Q ) = (SpecA Q ,A Q ). 
Fixed any a, (3 G I\ We prove 

Fa \u a p= Ff3 \u afs ■ 

In deed, take any point yo G V a p = <j>{U a p)- There is a 70 G T such that 

2/o G ^ 7o = 5pecB 70 C C 14 p| Vp. 

Then for any x G U a p, we have 

a; G C/ 7o = SpecA 7o C U a [i CU a f]Up 

according to Step 4 above. 

At the same time, as U la = </) _1 (V 7o ), on the affine scheme (U a ,F a ), we have 

F a I U- m = F la = A~ t0 ; 

on the affine scheme {Up, Tp), we have 

Tp \u la =T l0 = A la . 

Hence, 

T a \u 10 =Fp \u 10 

holds for any such U l0 . 

From the open covering U a p = {J lo U l0 , we must have 

Fa \u a p= Fp \ Ua p 

since T a \u a p and Tp \u afi are two sheaves on the same space U a p, respectively. 
Step 6. Now apply Lemma 4-1 to this case here: 

U a = SpecA a ; 
4> a = idjj a : U a — > SpecA a . 
4> a[j = id : {U a p,F a \u afi ) = (U a p,Fp \u aP )- 
The cocycle condition is automatically satisfied. 

Hence, there is a sheaf F on X such that T \u a = Fa holds for any a G T. We 
have a scheme (X, F) that is essentially affine in the field L = k(X). 

Step 7. Prove that the map <ft : X — > Y induces a morphism, namely </> = (</>,</>*), 
from the scheme (X, F) onto the scheme (Y, Cy). 

In fact, for every affine open set V a in Y, the restriction 

4>\u a - {U a ,Fa)^(V a ,0 Y |yj 

is a morphism of affine schemes which is induced from the embedding i a : B a A a 
of rings. That is, 

<f>* k= ^ : O y \ Va (V a ) =B a ^A a = T a {U a ). 
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Fixed any open subset V of Y. Take any open covering V = IJ^ V ai , where each 
V Ui is an affine open set in Y. For every t G Oy{V), we have the restriction 

t at = t \v a . ; 

then define the image $(t) to the element in T(U) determined by the elements 

0* k ( (f a ,)eJ(C/ ttl ) 

where 

c/ ai = 0- 1 (y Qi ) ; 

[7 = 0- 1 ('l / ) -U^' 

z 

Here, all £/ Qi are affine open sets in X. 

Hence, we have a morphism <f> = {<)>,$) : (X, T) — > (Y, Oy) of schemes. It is 
clear that <f> is affine and surjective. 

Step 8. Prove that (X, T) is locally complete over (Y, Oy) by the morphism 

In fact, given any automorphism p G Gal(L/k(Y)) and any affine open sets 
V a CY and U a — _1 (V r Q ,). Then we must have an isomorphism 

p : T(U a ) = A a > T(U a ) = A a 
of rings that induces an isomorphism 

p : L = Fr(A a ) -> L = Fr(A a ) 
of fields just by taking the restriction 

P = P \A a - A a ->• A a 
since p(A a ) = A a holds from Lemma 4-4- 
Hence, we have 

Aut(X/Y) = Gal(L/k(Y)) 
from Lemma 3.1. This completes the proof. □ 

4.4. Proof of Theorem 2.6. Now we give the proof of Theorem 2.6. 

Proof. (Proof of Theorem 2.6.) It is immediately from Definition 2.5 and 
Lemma 4-5. □ 

Acknowledgment. The author would like to express his sincere gratitude to 
Professor Li Banghe for his advice and instructions on algebraic geometry and 
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